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Abstract. Knot Floer homology is an invariant for knots in the three- sphere for 
which the Euler characteristic is the Alexander- Conway polynomial of the knot. The 
aim of this paper is to study this homology for a class of satellite knots, so as to see 
how a certain relation between the Alexander- Conway polynomials of the satellite, 
companion and pattern is generalized on the level of the knot Floer homology. We 
also use our observations to study a classical geometric invariant, the Seifert genus, 
of our satellite knots. 



1. Introduction 

Given a link L in the three-sphere S^^ the knot Floer homology of L |[13l [I5] is 
denoted 0^^^ HFK(S'^, L, i) with i being the Alexander grading. It generalizes the 
Alexander- Conway polynomial in the following sense: 

Theorem 1.1 (fT3), fT5]). Given an l-component link L C S'^ , we see 

i 

Here x(HFK(5'^, L, i)) denotes the Euler characteristic, and Al{T) denotes the nor- 
malized Alexander- Conway polynomial of L. 

Therefore, it is natural to ask whether a given property of the Alexander-Conway 
polynomial has a generalization in the context of knot Floer homology. This homology 
has proven to be a useful tool for studying some geometric properties of knots, such 
as the sliceness [H] and the Seifert genus [12j etc. Therefore, any new observaton 
would possibly give us new hints and insights into understanding these properties of 
knots. 

When considering satellite knots, we know the following Equation ([T]). Given a 
knot K C and a non-trivially properly embedded simple closed curve P C S, 
where S is a solid torus, we let Kf denote the t- twisted satellite knot for t G Z. 
Here K and P work as the companion and pattern of Kf ^ respectively. The sign of 
a full-twist is defined in Figure [TJ The Alexander- Conway polynomial satisfies the 
following equation (see [6j): 

(1) A^p{T) = Ak{T^).Aop{T). 

Here O denotes the unknot, and ^ is an integer such that ^ times a generator of 
i/i(S,Z) equals [P] G //i(S,Z). 
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a positive full-twist a negative full-twist 

Figure 1. The sign convention for a full-twist. 

In this paper, we study the knot Floer homology of (S^^Kf) for a class of given 
patterns. One of our purposes is to see how Equation ([T]) is developed in knot Floer 
homology. 

This subject has been studied by Hedden in two cases. The (p,pn± 1) cabled knots 
were studied in [3j, where he showed the homology of the cabled knot of a knot K 

depends only on the filtered chain homotopy type of CFK(S'^, K) when |n| ^ 0. In 
[4j Hedden studied the knot Floer homology of Whitehead doubles comprehensively. 
As one important application, he showed a way to find infinitely many topologically 
slice but not smoothly slice knots. For other research related to this topic, the reader 
is referred to [8] and [1]. 

Before stating our results, we review some information about the knot Floer ho- 
mology theory. Ozsvath and Szabo [Hj defined a homology theory for oriented closed 
3-manifolds, known as the Heegaard Floer homology or Ozsvath-Szabo homology. In 
this paper, we focus on the hat version of this homology. The chain complex associated 
with a 3-manifold M is denoted CF(M), and its homology HF(M) is a topological 
invariant. Given a null-homologous embedded curve K in the 3-manifold M, Ozsvath 
and Szabo [13j, and Rasmussen [15] independently noticed that K induces a filtration 
to the complex CF(M), and they proved that the filtered chain homotopy type with 
respect to the new filtration is a knot invariant. When M = S^^ let F{K^ m) be the 
subcomplex of CF(S'^) of filtration m for m G Z and let HF(F(K, m)) denote the 
homology of the subcomplex F{K^m). Then there exist inclusive relations: 

C • • • C F(K, m) C F(K, m + 1) C • • • C CF{S^). 

Let GF{S^)/F{K,m) denote the quotient complex of F{K,m) in CF(S'^). 

The associated graded chain complex is CFK(5'^, m) = F{K^m) / F{K^m — 1) 
and its homology is denoted HFK(5'^, X, m). The homological grading of the homol- 
ogy group is renamed the Maslov grading, and the new grading induced from the 
filtration is called the Alexander grading. The Ozsvath-Szabo r invariant is defined 
as: 

t{K) = mm{m G Z\i^ : HF(F(X,m)) — > HF(5^) is non-trivial}. 

Now we define the patterns to be used here. Consider the tangle (B^^Sr) defined 
in Figure [2] for any r G Z>o. Inside a rectangle marked by an odd (even, respectively) 
number is a negative (positive, respectively) full- twist. The four endpoints of the 
tangle are ^4, S, (7, and D. Connecting A to and B to C gets the 2-bridge knot 
(7(— 2, — 2, . . . , — 2) in Conway's normal form, which is denoted C{2r) here for short, 

2r 

while connecting Ato B^ and C to D gives rise to the 2-bridge link (7(— 2,— 2,...,— 2), 

2r+l 
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and it is denoted C{2r + 1). The patterns used in this paper are shown in the middle 
of Figure [2] They are embeddings of {(7(2r)}^>o into the sohd torus S, and we denote 
them by {Pr}r>o- When r = 0, the corresponding sateUite knots are the Whitehead 
doubles. 




figure illustrates the patterns in the solid torus S. The right-hand 
figure shows the pattern in the case r = 1 as an example. 

The research in this paper is motivated by Hedden's research on Whitehead dou- 
bles in [4J. We found that many of his ideas can be used to study a huge class of 
satellite knots. Many interesting applications are given in [4J, so we hope to get more 
applications, especially those to some geometric invariants of knots, by studying more 
satellite knots. We choose {Pr}r>o as the patterns since the satellite knots obtained 
are certain extensions of the Whitehead doubles. 

Our main result is as follows. 

Theorem 1.2. Let K C be a knot with Seifert genus g{K) = g. Then the top 

Alexander grading o/HFK(5'^, Kf"^) is r + 1 when t ^ for r G Z>o. At this grading, 
there exists an integer N so that for t > N > 0, the following hold. 

— ^ ^ r i2 

HFK*(5^Kf^r + l)^Z;;_J?-' [HF*_,_i(F(K,m)) , 

m=-g 

m=-g 

where Tor denotes a finite Abelian group, and the subindices ofZ represent the Maslov 
gradings. 

The convention for equations in Theorem |1.2| is, if the power of a summand on the 
right side of an equation is negative, we simply move this summand to the left-hand 
side of the equation and convert the power into its opposite value, just as we usually 
do for multiplication of numbers. 

From Equation ([l]), the Alexander- Conway polynomial of Kf"^ satisfies 

(2) A^P.(r) = AoP.(r), 
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since = for all the patterns in {Pr}r>o- In other words, the value of the Alexander 
polynomial A^Pr (T) does not depend on the choice of the companion knot K. On the 



other hand, we see from Theorem 1.2 that the knot Floer homology HFK(5'^, Kf"^) at 
the grading r + 1 with large twist is determined by the filtered chain homotopy type of 
CFK(S'^, K). This observation implies again that knot Floer homology is much more 
powerful then the Alexander- Conway polynomial in revealing properties of knots. A 
proof of Theorem 1 1.2| is given in Section 3. 
From Theorem 



1.2 



we see that the top Alexander grading of HFK(S'^, Kf"^) when 
t is not equal to zero is r + 1, which only depends on the pattern P^. This fact is 
proved here directly from the definition of knot Floer homology. It is in line with 
Equation ^ from the viewpoint of Theorem |1.1| Since the Seifert genus of a knot 



can be detected from its knot Floer homology (see Theorem 2.3), the Seifert genus 
of Kf"^ for t 7^ is r + 1. As an application and also a complement to Theorem 1.2, 
we show that the top Alexander grading of HFK(5'^, K^"^) for r G Z>o is r + 1 as 
well for non-trivial knot K C S ^^ w hich implies the Seifert genus g^K^"") is r + 1. 



We state this result as Corollary 1.3, Note that g{KQ'^) cannot be detected from the 
Alexander- Conway polynomial A^Pr(T) since deg(A^Pr(T)) = 2r. 



"^0 

Corollary 1.3. For any non-trivial knot K C S^, the Seifert genus g{K^'') of the 
satellite knot K^"" is r + 1. 

The paper is organized as follows. In Section 2, we construct Heegaard diagrams 
for the satellite knots K^"" for all r G Z>o and t ^ 0. In Section 3, we study the 
knot Floer homology of Kf"^. We start by studying the Alexander gradings of some 
generators of CFK(S'^, Kf"^). After that, we focus on the top Alexander grading level. 



and prove Theorem |1.2[ In Section 4 we prove Corollary |1.3[ 

2. Heegaard diagrams for the satellite knots {Xf^}^>o 
2.1. A brief review of knot Floer homology in S^. 

Definition 2.1. For a null-homologous simple closed curve K in an oriented closed 
3-manifold M, a doubly-pointed Heegaard diagram {simply a Heegaard diagram) for 
(M, K) is a collection of data (S^, cx = {o^i, 0^2, • • • , /3 = /32, • ' ' 5 /^g}^ ^5 
which satisfies the following conditions. 

(i) The surface splits M into two handlebodies Ui and U2. It is called the 
Heegaard surface, and its genus g is called the Heegaard genus. 

(ii) The sets cx and /3 are two collections of pairwise disjoint essential curves in 
T^g such that Ui and U2 are obtained by attaching 2-handles to along the 
cx and /3 curves, respectively. 

(iii) There exist two arcs a and b in with common endpoints z and w such that 
a n (UiLi ^i) = ^ b n (UiLi A) = 0- The knot K is isotopic to the union 
aU b after pushing the arcs a and b properly into the handlebodies Ui and 
U2 respectively. 

Given a knot K C S'^, let {T^g^cx^ (3^ z^w) be a Heegaard diagram for the knot 
Define a set: 

S = {x = (xi,-- - ,Xg)\xi G ain^^(^), l<i<g, a e Sg}. 
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The chain complex associated with the Heegaard diagram (S^, a, /3, is freely 
generated by S. Suppose L^i, . . . , Dj^ denote the closures of the components of — 
cx — /3. A domain in is a two-chain V = "^^iLi ' A for cti ^ ^- For two domains 
Vi = X^^i ai • Di and V2 = "^^iLi h ' the sum used in this paper is defined as 
follows: 

m 

1=1 

The local multiplicity nd{T>) of a point d G int(A) C at P is defined by nd{T>) := 
ai. Given two generators x and y in Sl domain V is said to be connecting x to y if 
dV connects x to y along the cx curves and connects y to x along the /3 curves. 

Given two generators x and y and a domain V connecting x to y^ the following 
equations hold: 

A{x) - A{y) = n,{V) - n^{V), 
gr(x) - gT{y) = ii{V) - 2n^{V), 

where A and gr represent the Alexander and the Maslov gradings respectively, and 
is the Maslov index of 
We review a combinatorial formula for Maslov index from Lipshitz. Given a domain 
V = X^^i ciiDi^ the point measure nx{T>) of P at a generator x = (xi, X2, • • • , Xg) is 
defined as 

9 

(3) n,{V) = J2n.AT^), 

i=l 

where rix^V) is defined to be the average of the coefficients of V at the four re- 
gions divided by the corresponding cx curve and /3 curve around Xi. Here e{V) = 
Sill and if a region is a 2n-gon, then 

(4) e(A) = 1 - n/2. 

Theorem 2.2 ([7J). Given two generators x and y, let V he a domain connecting x 
to y. Then we have 

^{V) = e{V) + nx{V) + ny{V). 

The formula can be simply applied in our calculations since the domains we will 
consider all consist of polygons of even number of edges. 

It is known that the knot Floer homology detects the Seifert genus: 

Theorem 2.3 (|^). For any knot K C , the knot Floer homology of K detects 
the Seifert genus of K. Namely 



g{K) max < i G Z 



There are exact sequences associated with the knot Floer homologies of links in 
(refer to [I3]), which can be regarded as extensions of the skein relation of the 

Alexander- Conway polynomial. We recall the one to be used in Section 4. Let 
C S'^ be a link, and p be a positive crossing of some projection of L+. There are 

two associated links, Lq and L_, which agree with except at the crossing p (see 
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U Lo L- 

Figure 3. Local diagrams of L+, Lq and L_ around the point p. 

Figure |3]). If the two strands projecting to p belong to the same component of L+, 
the skein exact sequence reads: 

(5) > HFK(L_) — > HFK(Lo) — > HFK(L+) — ^ • • • , 

where all the maps above respect the splitting of HFK(L) under the Alexander grad- 
ing, and the maps to and from HFK(Lo) drop the Maslov grading by 1/2. The map 
from HFK(L+) to HFK(L_) does not necessarily respect the Maslov grading, but it 
can be expressed as a sum of homogeneous maps, none of which increases the Maslov 
grading. 

2.2. Heegaard diagrams for the satellite knots {Xf'^}^>o. In this subsection, we 
introduce Heegaard diagrams for the satellite knots {S^^Kf"^) for t 0. We remark 
that the construction works for general satellite knots. The idea is included in Section 
2 of [4J and in [Ij. 

Suppose K C is an oriented knot and P C S is a non-trivially embedded simple 
closed curve in the standard solid torus S C S^. Recall that Kf denotes the t- twisted 
satellite knot for which the companion is K and the pattern is P. Then there exists 
a decomposition of — lntN{Kf) along the torus dS. Precisely it is 

- lntN{Kf) = {S^ - lntN{K)) [j (S - IntA^(P)). 

dN{K)=dS 

Translating into the language of Heegaard diagrams, one can create a Heegaard dia- 
gram for the knot (S^^Kf) by combining a Heegaard diagram for the knot (S^^K) 
with a Heegaard diagram for the knot (S^^P). Using this idea, we make a doubly- 
pointed Heegaard diagram for the satellite knot (5^^, Kf"^) for each r > 0. 

We first construct a Heegaard diagram for (S^^P^) (see Figure [5]). When r = 0, 
that is, the case of the Whitehead double, the construction is shown in [^4J. In general, 
let 

Pr 1 

- = 2 + : , 

Qr 



2 + 



1 

2 + ... + - 



where the number 2 appears 2r + 1 times. Remember (B^^Sr) is a rational tangle. 
There always exists an embedded disk in splitting the two strings of the tangle 
Sr- The rational number Pr/qr gives rise to a way to find the splitting disk (up to 
isotopy ) . 

Precisely, we describe the process of drawing the boundary of the splitting disk in 
= dB\ 
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Figure 4. Connecting chosen points by arcs in the front hemisphere 
and the back hemisphere. 

(i) Fix the endpoints A, 5, C and D of the tangle Sr in a great circle of S'^ as in 
Figure [4| 

(ii) Along the great circle, choose Pr disjoint points in both the segments and 

and choose disjoint points in both the segments sd and dX. The 
clockwise orientation is used here. 

(iii) Take the line through A and C as the axis of symmetry, and connect the 

chosen points in with the chosen points in ADC by using + Qr 

pairwise disjoint simple arcs in the front hemi-sphere of = dB^ . 

(iv) Then take the line through B and D as the axis of symmetry, and connect the 

chosen points in BAi) to the chosen points in Bci) by using pairwise disjoint 
simple arcs in S'^ just as we did before, but this time, the back hemi-sphere 
is used. 

(v) All the arcs form a simple closed curve in aS^, denoted Then bounds a 
splitting disk for the tangle Sr. 

We attach an unknotted one-handle Had to B^ along the feet A and and an 
unknotted one-handle Kbc along the feet B and C, as shown in Figure [5| The resulting 
manifold is a genus two handlebody, and its boundary is denoted Besides we 
define four new curves /i, a, /xp^ and in The curve /x is a cocore of the handle 
Kbc- The curve a goes along the one-handles Had and Kbc so that attaching a 
2-handle to the handlebody along a leaves us a solid torus, which is S. The pair 
{l^Pr) ^Pr) is the preferred meridian-longitude system of S, and Xp^ D jip^ = {0^}- 

We claim that 

ED{S\ Pr) = (S2, {a, ApJ, {/3r, fi}, z, w) 
is a Heegaard diagram for (S'^,P^). The chain complex defined on it is denoted 

CFK(5'^, P^), and its homology is the knot Floer homology of C{2r). Notice that the 
intersection n Ap^ contains Qr points, labelled • • • , from right to left. We can 
get a Heegaard diagram for {S^ x S'^^Pr) by changing the curve Ap^ into the curve 
/ip^ in the Heegaard diagram HD(S'^, Pr). Precisely, it is 

RD{S' X S'.Pr) = (S2,{a,/xpJ,{^„/x},z,^). 

The chain complex defined on this Heegaard diagram is denoted CFK(S'^ x S'^^Pr)^ 
and its homology is the knot Floer homology of the link C{2r + 1) (see JT^ for the 
knot Floer homology of a link). The intersection /ip^ 0/3^ contains 2pr points, labelled 
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ai, a_i, • • • , a^^, a_p^, as shown in the right-hand figure of Figure [5| from bottom to 
top. 




Figure 5. (a) The left-hand figure shows the Heegaard diagrams 
HD(S'^,Po) and HD(S'^ x S^.Pq), while the right-hand figure is for 
HD(5^ Pr) and RB{S^ x S^, Pr) in general case, (b) The shadowed do- 
main on the left-hand side is the generator Qo of the periodic domains 
in HD(5i X S^,P^). 



We pause for a while to look at the existence of periodic domains in each dia- 
gram. First, we review the definition of a periodic domain. For a Heegaard diagram 
(S^, a, /3, w)^ let L^i, . . . , denote the closures of the components of — a — /3. 

Definition 2.4. A periodic domain is a two-chain V = X^^i cti • Di for which the 
boundary is a sum of cx and /3 curves and the local multiplicity n^{V) is zero. 

It is easy to check that the set of periodic domains is a group, and it is isomorphic to 
i7^(M, Z) (refer to [14]). When the manifold is S^^ there will be no periodic domains 
in any Heegaard diagram associated with since H^{S^^Z) = 0. However, the 
Heegaard diagram HD(5'-^ x S'^^Pr) is a diagram for x aS^, and therefore contains 
periodic domains since H^{S^ x = Z. 

Lemma 2.5. Let Qr be a generator of the group of periodic domains in HD(5'^ x 
S^.Pr). Then 

riziQr) = ri^{Qr) = 0, 

for any r G Z>o. 

Proof We consider the mapping class group of the sphere S'^ which fixes the endpoints 
{A, B, C, D} pointwisely, and denote it MCG(5'^, {A, B, C, D}). The lemma is proved 
by induction on r. When r = 0, a generator Qo for the periodic domains in HD(aS^ x 
aS^, Pq) is shown in Figure [5] We see dQ^ = — iip^ and n^(Qo) = n^(Qo) = 0. 

Assume the lemma holds for some r > 0. We show that it holds for r + 1 as well. 
The change from (5^, Sr) to (S^, aS^+i) corresponds to a homeomorphism f : S'^ ^ S'^ 
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Front back 

Figure 6. The front and the back sides of the domain Qr+1,2 bounded 
by jji'p^ and jip^ in S'^ for any r G Z>o. 



induced by two fuU- twists on S'^ . It is easy to see that / G MCG(S'^, {A, 5, C, D}) 
and = (^r+i- Let Qr+1,1 = f{Qr) and Mp^^^ = f{iJip^). Notice that there 

exists an oriented domain bounded by /Xp^^^ and /ip^+i in S'^ — {A, D}, which 
we denote Qr+i,2- See Figure [6] for the description. Let Qr+i = Qr+1,1 + Qr+i,2- 
Then Q^+i is a generator of the space of periodic domains in HD(aS-^ x S'^, Pr+i), and 
= — /xp^^-L . Since every step happens inside S'^ — {A, 5, C, L^}, it is obvious 
that nz{Qr+i) = ^^/;(Qr+i) = 0. The lemma is proved by induction. □ 

Suppose the Heegaard diagram 

HD(S'^ K) = (S^, {o^i, Q^2, • • • , c^g-i, Mk}, /32, • • • , Pg}, z\ w') 

for the companion knot K is constructed from one of its projections (see [TO] for 
construction). Here \ik is a meridian of and /x^ H (IJiLi A) = ^ ;5i = {xq}. 
See the left-hand picture of Figure [7| for the diagram around the meridian /x^. Let 
CFK(5'^,K) be the complex defined on HD(S'^,X). Its homology is the knot Floer 
homology of K. In this Heegaard diagram, one can draw a longitude C of X 
with framing t such that H (IJfJi <^i) = 0- Here the framing of \k is t means that 
the linking number lk(Ax, K) is t in aS^. The longitude A^ can be arranged to have 
one intersection point with /x^. That is, A^ H //^ = {^}- 

Let S\[K) be the 3-manifold obtained by t-surgery of along K. Notice that 
S^{K) is a rational homology sphere when t 7^ 0. We assume t 7^ except in Section 
4. If we regard fix as a rationally null-homologous simple closed curve in Sf{K)^ a 
Heegaard diagram for {S^{K)^ fix) is obtained by replacing fix with A^ in HD(S'^, K). 
Specifically, it is 

Y{V}{S^{K),iik) = (S^, Q^2, • • • , Ax}, ^2, • • • , '^O- 

Here the placement of the point z" is shown in Figure Let GFK{Sl{K) , 11k) denote 
the complex defined on HD(S'|(X), /xx)- Its homology is HFK(S'|(X), /x^). See j9] 
for the knot Floer homology theory for rationally null-homologous curves. 
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Figure 7. The left-hand figure is a local picture of both HD(S'^,X) 
and }ID{Sf{K)^ fix)- The right-hand figure highlights the meridian- 
longitude system {Xp^^jHp^) of the solid torus S. 

As a result, a Heegaard diagram for Kf"^ is described as follows: 

Here is the connected sum of and S2 obtained by attaching a one-handle 

along the feet 9 and 9\ Precisely, we remove the disk neighborhoods of the points 9 
and and attach a one-handle along the boundaries of disks such that the resulting 
surface is a Heegaard surface of S^. The attachment happens inside the tubular 
neighborhood of K. The curve Xp^^Xx {i^pAi^K) respectively) is the band sum of Xp^ 
and Xk {jJiPr and /x^, respectively) along the one-handle described above (see Figure [s] 
for a detailed illustration). The chain complex defined on HD(5'^, K/^"^) is denoted 
CFK(S'^, X/^"^). Its homology, therefore, is the knot Floer homology of K^"^ . 

Attaching a two-handle to the Heegaard surface S^+2 along the band sum of two 
closed curves is equivalent to identifying these two curves. In the attachment — 
lntN{Kf^) = {S^ - lntN{K)) [jdN(K)=dsi^ " IntA^(P^)), the meridian /x^ C dN{K) 
is identified with the meridian /xp^ C 5S, and the longitude Xk C dN{K) is identified 
with the longitude Ap^ C dS. Therefore we do the band sums Xp^^Xx and jip^^jJiK' 
One can check that the Heegaard diagram Y{T){S^ ^ K^"") satisfies the conditions in 
Definition O 

Here we assume that the orientation of S^+2 is inherited from S^. Explicitly, the 
local orientation of S^+2 is shown in Figure Isj 



3. Studying the homology group HFK(S'^,Xf") 

In Section 3.1, the Alexander grading of the complex CFK(5'^, K/^"^) is studied. 
Then in Section 3.2, restricting to the top Alexander grading, we compute the knot 
Floer homology HFK(5'^, K^"") for sufficiently large and prove Theorem 
study here depends heavily on the ideas from Hedden in 0. 



1.2 



The 



3.1. Relation of HFK(5^Kf^r + 1) and Y{YK[S^{K), iik) for t ^ 0. First, the 
generators of the complex CFK(S'^, X/^"^) are assorted into two classes. In order to 
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Figure 8. The left-hand figure iUustrates the connected sum = 
Yig^2 along a tube, and the band sums A^tt-^p^ and \iK%^Pr' The 
right-hand figure shows the local orientation of each surface. 



get more accurate classification, the Alexander gradings of some generators are then 
studied in many aspects. As a result, we find that the top Alexander grading of 
CFK(5'^, K^"^) is r + 1, which only depends on the pattern P^. Moreover, staying at 
the top grading level, we obtain a parallel result to that of Section 3 in [4J. That is, 
there is a natural identification of the chain complexes 

CFK(5^ Kf^ r + 1) = CFK(5,^(X), /ix, s,). 

On the right side, the notation Spiif{S^{K)) denotes the set of Spin'^-structures in 
SKK). _ 

Precisely, we claim that the generators of the chain complex CFK{S^^ Kf"^) are 
split into two classes of the forms 

(i) {x, X p G CFK(5^ Pr) X CFk{S\K), z = 1, 2, • • • , g„ 

(ii) {x, aj} X q G CFK{S^ x S^, Pr) x CFK(5',^(X), /x^), j = ±1, ±2, • • • , ±J9,. 
The claim above is based on the following argument. Recall each generator corre- 
sponds to a (5^ + 2)-tuple of intersection points between cx curves and /3 curves of the 
Heegaard diagram HD(S'^, Kf"^). In this Heegaard diagram, we first choose the inter- 
section point for the curves fi and which are two /3 curves of HD(5^Xf^). Notice 
that the intersection point x G fiHa has to be chosen since it is the unique choice for /x. 
For the curve we can either choose an intersection point in {yi}^^^ = /3rn Xp^^Xx^ 
which constitute the first class, or an intersetion point in {aj}f^^_^-^ = n /xp^jj/i^, 
which make up the second class (see Figure [5] for illustration). The intersection 
points of the other a. and /3 curves can be naturally combined to form generators of 
CFK(5^ K) or generators of CFk{Sf{K),fiK)- 

We now calculate the Alexander grading differences between generators in CFK(aS^, Kf"^). 
First let us compare generators with common restriction to their first factors. The 
proof uses the same ideas as those in the proofs of [4, Lemmas 3.2 and 3.3]. 

Lemma 3.1. (i) Suppose {x,^^} x p and {x^yi} x are two generators of the 
complex CFK(5^ Pr) x CFK(5^ K) for 1 < i < qr. Then we have 

(6) A{{x, yi] xp) = A{{x, y,} x p'). 
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Figure 9. The triangles Ae,a;o,xi when t < and t > 0. 



(h) Suppose {x, ftj} X qr and {x, aj} x q' are tiyo generators of the complex CFK(S'-^ x 
Pr) X CFK(5'|(/s:), jux) /or j G {±1, ■ ■ • , ±pj. Then we have 



(7) 

Proof. 



A{{x, aj] X q) = A{{x, aj} x (j/). 

(i) Suppose is a Whitney disk from {x^i/i} x p to {x^i/i} x with 
'^w{4^) = 0. Then the restriction of (/) to S2 must be a periodic domain in 
HD(S'-^ X S'^, P^), and thus have the form n • Qr. The first statement of the 



lemma foUows since nz{Qr) = ^K;(Qr) = by Lemma 2.5 



(ii) The second statement can be proved by using a similar argument. 



□ 



In the following lemma, we first compare some generators with common restriction 
to their second factors, and then compare some generators coming from diflFerent 
classes. 

Lemma 3.2. (i) For each generator gG CFK(S'|(K), /x^); we have 

(8) A{{x, aj} X q)- A{{x, a J x q) = A{{x, aj}) - A{{x, a J), 

for j, k G {±1, • • • , ±Pr}- For any generator p G CFK(S'^, K)^ we have 

(9) A{{X, Vm} Xp)- A{{X, Vn} Xp)= A{{X, Vm}) " A{{x, Vn}), 
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Figure 10. The left-hand side is the domain D 
hand domain is D 



yj,U',a-j ) 



and the right- 



(10) 



for 1 < m,n < g^. Here the Alexander gradings on the right sides of ^ 

and (9]) are the gradings in the complexes CFK(5'-^ x S'^^ Pr) and CFK(S'^, P^) 
respectively. 

(ii) For each generator q G CFK{Sf{K)^ fix)^ the following hold: 
A{{x,a_j} X q)- A{{x, a_2qr^j-i} x q) = 1, 

A{{x, a J X g) - A{{x, a_ J x g) = 1, 

for I < j < Qr ctnd I < k < Pr. 

(iii) There exist a generator p G CFK(5'^, K) and a generator q G CFK{S^{K)^ jix) 



such that 



(11) 



A{{x,yj} X p) 
for any 1 < j < Qr- 



-A{{x,a_j} X g) = 0, 



Proof (i) Let be a Whitney disk from {x, ttjjxq to {x, a/e}xq with n^/((/)) = 0. 
Let 01 denote the restriction of to S^. Then 



9-1 



j=i 



for some integers r^, Sj where < i < g — 1 and < j < g. First we verify 
that So = 0. This is because the multiphcity of Xx^^Pr i^i d(j) should be equal 
to the multiplicity of a in 50, which must be zero. 

Therefore we are able to regard 01^^ as a two-chain in the Heegaard diagram 
HD(S'^,K). We note that its boundary 5(01^^) consists of a curves and /3 
curves in HD(5'^, K). These two facts together with the assumption n^/((/>) = 
0, that is n^/(0|E^) = 0, imply that is a periodic domain in HD(S'^, K). 
Since there is no periodic domain in any Heegaard diagram for S^^ the domain 
01 must be the empty set. As a result, the domain of is contained in S2, 
and therefore can be regarded as a Whitney disk from {x^aj} to {x^ak} in 
the Heegaard diagram HD(5'^ x aS^, P^). A similar argument can be used to 
prove Equation ([9]). 
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(ii) The domain shown in the left-hand figure of Figure 11 connects {x, a-2qr+j-i} 
to {x,a_j}. The local multiplicities of points z and w are zero and one 
respectively. Therefore we have 

A{{x, a_j}) - A{{x, a_2qr+j-i}) = 1- 

By ([s]), we have 

A{{x, a_j} X q) - A{{x, a_2qr+j-i} x q) = 1, 

for any I < j < Qr- On the other hand, for any I < k < there exists 
a Whitney disk (j)]^ from {x, ak} x q to {x, a_/e} x q, as shown in the right- 
hand figure of Figure [iT] (the shadowed domain) . It is easy to calculate that 
^z(0/c) = 1 and ny^{(j)k) = 0. The result follows from the definition of the 
Alexander grading. 

(iii) Let z represent ^ {g — l)-tuple of intersection points between the ol curves 
Q^i, . . . , ag-i and the (3 curves /32, • • • , in S^. Recall that is the unique 
intersection point in /JiH/ix- Let Xi G /SiHAx be the point shown in Figure [9} 
Then p = {xo,z} becomes a generator of CFK(5'^,X) and q = {xi,z} is a 

generator of GFK{S^{K), ^ik)- 

Let /S^e^xQ^xi be the triangle in Figure [9] which has vertices Xi,Xo and 9. 
When t < 0, a Whitney disk from {x, a_j} xq to {x, xp can be obtained 
by making the connected sum of the triangle /^q^xq^xi and the triangle in S2 



which has vertices Vj^ci-j and 9' (see the left-hand figure in Figure 10). See 



the left-hand figure of Figure 13, The fact Ti^(0j) = riw{(t>j) = implies the 
conclusion. 

Before discussing the case when t > 0, we first describe a domain which has 
vertices yj^ 9' and a^, which we denote Dy^^e'^aj- Recall in Section 2, the curve 
(3r is chosen to be the boundary of the splitting disk of the tangle (S^, Sr)- We 
can choose the properly embedded disk shown in Figure [12] as the splitting 
disk of (B^^Sr). By local modifications near the endpoints C and D of the 
tangle (S^, S'^), this disk is converted into a domain in S2 which has vertices 
yi^9' and ai. We call it Dy^^of^ai- Notice that there exists a domain Dy.^aj in 
S2 which has vertices ^1, yj^ ai and aj for any 1 < j < g^, as shown in Figure 
M We define 



See the right-hand figure of Figure 13 



When t > 0, let 0^ be the connected sum of the triangle /\e^xQ,xi in 
and the domain Dy.^of^aj in ^2. See the middle figure of Figure 13, Then 
(pj is a Whitney disk from {x^aj} x q to {x^yj} x p. Since nz{(t)j) = 1 and 
'^w{^j) = 0, we get A{{x^yj} x p) — A{{x^aj} x q) = —1. This equation 



together with (10) implies ( |ll| ) for the case t > 0. 

□ 

Recall that the chain complexes CFK(5'-^ x S'^, Pr) and CFK(S'^, P^) give rise to the 
knot Floer homologies of the links C{2r + 1) and C{2r) respectively. Let det(L) := 
|Al(— 1)1 denote the determinant of a link L C S^. We state some observations about 
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Figure 11. The domain on the left-hand side connects {x, a_2g^+j-i} 
to {x,a_j} in S2, while the domain on the right-hand side is from 
{x, ak] X q to {x, a_k} x q in S^+s- 




the splitting 
disk bounded 




the domain with 
vertices 

, 0' and 



Figure 12. The left-hand figure shows the sphtting disk of (5^,5*^) 
bounded by /3r- In the right-hand figure the disk is modified to make 
the domain Dy^^0i^ai in '^2- 

the determinants of C{2r + 1) and C(2r), and about the complexes CFK(5'^ x 5"^, P^) 
and CFK{S^,Pr). 

Lemma 3.3. (i) We have det(C(2r 1)) = Pr and det(C(2r)) = Qr. 

(ii) The differentials of the complexes CFK(5'-^ x S'^,Pr) and CFK{S^,Pr) are 
trivial. 

Proof. (i) In general, the double-branched cover of 5'^ branched along the two- 
bridge link L := C(5i, 62, • ■ ■ > ^n) is the lens space Z/(p, g), where 

1 



62 + 



1 



63 + • • ■ + 



Then 



\Al{-1)\ = \H,{L{p,q),Z)\ = \Z/\p\Z\ = \p\. 
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Figure 13. The first two figures show the connected sums of the cases 
of t < and t > 0. The third figure iUustrates Dy.^of^aj = Dy.^aj + 
A. 



^yi,U',ai ' 



The double-branched covers of branched along the two-bridge links C{2r + 
1) and C{2r) are L{pr^ Qr) and L{qr^Pr — 2qr) respectively. Therefore, we have 

det(C(2r + 1)) = Pr and det(C(2r)) = g^. 

(ii) As recalled in Theorem the Euler characteristic of the knot Floer homol- 
ogy of a link is the Alexander-Conway polynomial. In the cases of C{2r + 1) 
and C(2r), we have 

(-lr'/'rk(HFK,•(5^C(2r + l),^)) = (^V2_^-V2)Ae(2.+^^ 

J]r J](-iyrk(HFK,(53^C7(2r),0) = Ac(2.)(r). 
When we put T = — 1, the equalities above simply become: 



J2 (-l)^+^■-^/2^k(HFK,(5^ C{2r + 1), z)) 



Y (-lr+^rk(HFK,(^^C(2r),^)) 



= |2Ac(2r+l)(-l)| = 2Pr 



|Ac(2r)(-l)| = qr- 



Recall that the numbers of the generators in the complexes CFK(S'^ x 

S'^^Pr) and CFK(S'^,P^) are exactly 2pr and g^, respectively. Here we are 
using the integer coefficient for the homologies. Therefore the differentials of 
the complexes CFK{S^ x S^, Pr) and CFK(5^ Pr) are trivial. 

□ 

On the other hand, since the link C{2r + 1) is a fibred alternating link [2j, the 
polynomial Ac{2r+i){T) is monic with highest power (r + l)/2 (refer to [5j). In other 

words, the top Alexander grading of HFK(S'^,(7(2r + 1)), which corresponds to the 
highest power of the polynomial (T-^/^ — T~-^/^)Ac(2r+i)(r), is r + 1, and the rank 
satisfies 

rk(HFK(5^ C{2r + 1), r + 1)) = 1. 
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That is to say, in the Heegaard diagram HD(S'-^ x S'^, P^), there is a unique intersection 
point, denoted in generating HFK(S'^, (7(2r + l), r + 1). For convenience, 

here we define a map / : Z>o — > Z>o by sending r to /(r). 

From Equations ^ to (11) and the discussion above, we conclude that there are 



2r + 3 Alexander gradings in the chain complex CFK(S'^, Kf"^) at which the complex 
is non-trivial. The subcomplexes at the top and the bottom gradings are generated by 

generators of the form {x,a/(^)} x CFK{Sf{K)^ fix) and {x,a^} x CFK{Sf{K)^ fix) 
for some —p^ < 7 < —Qr^ respectively. Therefore, the following identifications exist 
as groups: 

(12) CFK(5^Kf^*)^CFK(5f(ir),/l^), 

where * stands for the top or bottom grading of CFK{S^ ^ Kf"^). As we will see in 



Proposition |3.4[ these identifications can be extended to the isomorphisms of homolo- 
gies, and the homology groups of CFK(S'^, Kf"^) at the top and the bottom gradings 
are non-trivial. Due to the symmetry of knot Floer homology with respect to the 
Alexander grading, the top and the bottom gradings of the knot Floer homology of 
Kf"^ for t 7^ are r + 1 and — r — 1, respectively, and we focus on the homology at 
the top grading HFK(S'^ i^^f", r + 1). 

Now we prove Proposition |3.4[ A proof when r = is given in [4] by Hedden. 
The general statement here is proved in exactly the same way. For the reader's 
convenience, we recall the proof. 

Proposition 3.4. Let K be a knot in S^. Then we have 

(13) HFK(5^Xf^*) ^ EFk{S^{K),fiK.s,), 

where * stands for the top or bottom grading o/CFK(5'^, Kf"^). 

Proof. We prove the isomorphism for the top grading case. The other case can be 
proved by the same argument. Consider the complex (CFK(aS^, X/^"^, *), 5) with * 
being the top grading. Suppose {x,a/(^)} x p and {x,aj(^)} x q are two generators 

of the complex, where p, q G CFK{S^ (K) ^ /j^k) • There is a unique Whitney disk (/)p^q 
in with n^((/)p,q) = n^(0p,q) = connecting {x, a/(^)} x p to {x, a/(^)} x q. 

If p and q belong to diflFerent elements in Spiif {Sf (K)) ^ the differential d never 
connects {x, x p to {x, x q. This is because the restriction of (/)p^q to S2 

is n • for some n 7^ 0. Recall that Qr is a generator of the periodic domains in 
HD(S'^ X S'^, P^), and it has both positive and negative local multiplicities. Therefore 
the Whitney disk (/)p^q does not have holomorphic representatives. We can conclude 

that the diflFerential d respects the splitting of CFK{Sf{K), fix) along Spin'' {Sf{K)). 

Now suppose that p and q belong to the same element in Spiif {Sf (K)) . In this 
case, the restriction of (ppd to S2 is empty. The Whitney disk (/)p^q is completely 
contained in S^, and therefore can be regarded as a Whitney disk connecting p to 
q in HD(S'|(X), //x), and in addition n^/((/>p,q) = 'n.^^^(0p,q) = 0. Therefore (^p^ 
contributes equally to the differentials of CFK(5'^, A^f", r + 1) and CFK(S'|(K), /x^). 
Conversely given any Whitney disk (j)^^^ in ]ID{Sf{K)^ /llk) connecting p to q, if 
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^w'{^p,ci) = ^2''(^p,q) = it can be naturally regarded as a Whitney disk connecting 
{x.af^r)} X p to {x.af^r)} X q in with n^(0p^q) = n^(0p,q) = 0. 

In one word, the argument above implies that the differentials on both sides work 



in the same manner. Therefore, Equation (13) holds. □ 

3.2. The group HFK(aS^, X/^"^, r + 1) when \t\ ^ 0. In this subsection, we adapt 
the ideas in Section 4 of [1] to study HFK(S'^, Kf"^ + 1) when |t| is sufficiently large. 



As stated in the proof of Lemma |3.2 , each generator in {x^yi} x CFK{S^^K) is 
of the form {x^yi} x {xo,z} where z = (zi, ^2, . . . , ^^-i) for G n /3a{i)+i for 

1 < ^ < 5' — 1 and a G Sg-i^ while each generator in {x^aj} x CFK{Sf{K)^ fix) 
is of the form {x^aj} x {xa^,z} for some point xx^ G /3i H A^tt-^p^. The regular 
neighborhood /llk x / C of /llk is called the winding region of the Heegaard diagram 
HD(5'|(X), /xx). We assume that for the longitude curve of framing t, there 
are |t| intersection points in /3i D A^jjAp^ supported in the winding region /llk x /. 
For convenience, let {xk\ L~N/2j ^ k < [|t|/2j , 7^ 0} denote the set of these 
intersection points, where lu\ is the integer associated with a number u such that 
< u — \ u\ < 1. See Figure [9] for the placement of the points in {xk\ L~N/2j < k < 
[|t|/2j , A; 7^ 0}. With these assumptions, the intersection point {xq, z} G CFK(S'^, K) 

is in 1 to \t\ correspondence with the intersection points {x/e,z} G CFK{Sf{K)^ fix) 
for [— |t|/2j < k < l\t\/2\ [k ^ 0) in the winding region. 
We recall a theorem from Hedden in [4J . 

Theorem 3.5 (Theorem 4.3 in [4J). Let K C be a knot. There exists an integer 
N > such that for t > N the following hold for all m. 

HFK*(5,^(X),/XK,5^) = HF^^^^ 

— Ono — rl I I rm l I ^ _ _ 



-m 



where d±{m) = {t - (2m ± t)^)/4t. 

The element satisfies a certain condition related to m, as stated in [4] before 
Theorem 4.3, whic h will not be recalled here. 

Proposition 3.4 and Theorem 3.5 provide us a relation between HFK(S'^, Kf"^ ^ r + 

1) and the filtered chain homotopy type of CFK(5'^,/C), but no information about 
the Maslov grading is mentioned. In order to solve the problem, we first restate 
Lemmas 4.5 and 4.6 in [4J, which study the Maslov gradings of some generators. We 
modify them into our context as follows. 

Lemma 3.6. Consider the chain complex CFK{S^^ Kf"^) for any r > and t 0. 
Let [— |t|/2j < k < and < / < [|t|/2j; and N be the integer introduced in 
Theorem \3.5l For t > N > we have 

gr({x, a/(o)} X {xk, z}) = gr({x, yi} x {xq, z}) + 2A{{xo, z}) + 1, 
gr({x, a/(o)} X {xi, z}) = gr({x, yi} x {xq, z}) + 1, 
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while for t < —N < 0, we have 

gr({x, a/(o)} X {xk, z}) = gr({x, yi} x {xq, z}) + 2A{{xq, z}), 
gr({x,a/(o)} X {xi,z}) =gr({x,2/i} x {xq.z}). 

Here A{{xq^ z}) denotes the Alexander grading of {xq, z} in CFK(S'^, K). 

In the Heegaard diagram YLD^S^ ^ Kp) for i > 1, there is a Whitney disk 0^ con- 
necting {x,a/(^_i)} X p to some generator {x,a*} x p for any p G CFK(aS|(X), /x^). 
See the shadowed domain in Figure 14, We first check that a* = af(^y Notice that 
^^zi^^i) = 1 and ny^{(j)i) = 0, so we get 

A{{x, a*} X p) = A{{x, a/(i_i)} x p) + 1. 
The Alexander gradings of the generators {x,aj} x p for j G {±1, • • • ,±]9^_i} in 

CFK(5'^, '"^) do not change when we regard these generators as in 
Therefore we have 

A{{x, a*} X p) = i + 1. 

The discussion in Section 3.1 teUs us aj(^) is the unique point in l^iHiip. corresponding 
to the Alexander grading i + 1, so * = /(i). 

Consider the Maslov grading. By Lipshitz's formula (refer to Theorem 2.2), we 
have 

= e{(l)i) + n{^^af^,_,^}{(l)i) + 

Here since 0^ can be cut into a hexagon (see Figure [l4]) , by Formula Q we see 



^ 2 2 



It is easy to see from Figure [Ml that 



^{x.af^^-l)}i^^) = I and n{^^af^,^}{(|)^) = ^• 

Therefore we get /i((/>i) = — 1/2 + 3/4 + 3/4 = 1. Since /i((/>i) = 1 we get the equation 
(14) gr({x, a/(^)} X {xk, z}) - gr({x, a/(^_i)} x {xk, z}) = 1. 

Notice that Equation (14) does not change when we regard {x, x {xk^ z} and 

{x, a/(^_i)} X {x/e, z} as generators of CFK(S'^, Kf"^) for any r > i. Therefore, applying 
Equation ([M]) r times gives: 

gr({x, af^r)} X {xk^ z}) - gr({x, a/(o)} x {xk, z}) = r. 



This together with Lemma |3.6| implies the following equations. Let [— |t|/2j < k < 
and < / < [|t|/2j and be the integer in Lemma [3^ For t > A > 0, we have 

gr({x, a/(^)} X {xk, z}) = gr({x, yi} x {xq, z}) + 2A{{xo, z}) + r + 1, 

gr({x, af^r)} X {xuz}) = gr({x, yi} x {xq, z}) + r + 1, 

while for t < —A < 0, we have 

gr({x, af^r)} X {xfc, z}) = gr({x, yi} x {xq, z}) + 2A({xo, z}) + r, 

gr({x, af^r)} X {x/, z}) = gr({x, yi} x {xq, z}) + r. 



Equations ( |T5| ) and ( |T6| ) allow us to obtain a similar result to Theorem 4.2 in [4]. 
Before stating the result, we prove a lemma. 
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f(i) yf(i-i) 



Figure 14. The left-hand figure iUustrates the domain 0^ from aj(^) 
to aj(^_i). The right-hand figure is a hexagon obtained by cutting (pi 
along the curve a. 



Recall that any two Heegaard diagrams which specify the same 3-manifold can 
be connected by a finite sequence of Heegaard moves, which consist of isotopies, 
handlesides and (de)stablizations. See [16] for an introduction. In the following 
lemma, we forget the knots and simply regard IID{S^ ^ Kf"^) and HD(S'^,X) as two 
Heegaard diagrams for S^. 

Lemma 3.7. The Heegaard diagram HD(S'^, Kf"^) can be converted into the Heegaard 
diagram HD(S'^, K) for (S'^, K)^ by applying a finite sequence of Heegaard moves in 
the complement of w. 



15 



Proof. The process converting HD(5'^,Xf'^) to HD'(S'^,i^) is shown in Figure 
Figure 15 (1) shows the Heegaard diagram HD(53 Kf), and the curve (5r bounds 



a properly embedded disk, say Dj.^ in 5 , which is a splitting disk of the tangle 



(B^^Sr). We isotope to the position shown in Figure 15 (2) where except the 
folded region, the disk is embedded in S'^ = dB^. Then we make a handleslide 
move of along ji as shown in Figure [15] (3). Then isotopy moves change to the 
curve in Figure 15 (4). Further isotopy moves occuring in S'^ change (5r to the curve 
shown in Figure 15 (5). The reason we consider the disk Dj. is to guarantee that the 
isotopy moves from Figure 15 (4) to Figure 15 (5) occur in the complement of w in 
S2. The Heegaard moves from Figure 15 (6) to Figure 15 (7) are shown in Figure 
151 



Then we apply two destablizations to the diagram of Figure [15] (7), the first one 
is between ji and a, and the second one is between (5r and Ap^. The final diagram, 
as shown in Figure 15 (8), is the Heegaard diagram HD(S'^,X). The whole process 
from HD(5^ Xf^ to HD(5^ K) is in the complement oi w. □ 

Now we show a lemma, which connects HFK(5'^, X/^"^, r + 1) to the filtered chain 
homotopy type of CFK(5^ K). 
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the splitting 
disk bounded 




the folded 
region 



(1) 



(2) 



y^ 9' \ 

mal<ing a handleslide 
of jSr along 




(4) 



isotopy moves 



(3) 




Jhrll 



handleslide 
again 

A* 




(5) 



(6) 




destablization b« T' 
of jUwith (X ^ / 
& 



isotopy moves 

/^Pr 11 



destablization 
of with Xp 



(7) 




Figure 15. The Heegaard moves from HD(5^ /Cf'") to HD(5^ /C). 
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Lemma 3.8. For allt > N > where N is defined as before, there are isomorphisms 
of Z-graded Abelian groups: 

lt/2\ 

HFK*(5^ Kf%r+1) ^ [hF*_,_i(F(K, m)) HF*_,_i(F(X, -m - 1)) 

m=[-t/2+H 



lt/2\ 
m=[-t/2+lJ 



( CFCT \ ^ / CF(^3) 



m — 1) 



Proof. The proof goes completely in the same way as that of [T^ Theorem 4.4], except 
for minor differences in the grading shifts on the right-hand side of the equations. As 
stated in Lemma [3^ by a sequence of Heegaard moves, each of which happens in the 
complement of the basepoint we can convert the Heegaard diagram HD(5^Kf ) to 
the Heegaard diagram HD(5'^, K). The Maslov grading of any generator unaffacted by 
the Heegaard moves, is unchanged throughout the process. It follows that a generator 
of the form 

{x,yi} X p e {x,yi} X CFk{S',K) 

in EB{S\ K[^) inherits the Maslov grading of p G CFK(53, K) in iiD{S\ K). More 
precisely we have 



(17) 



gv{{x,yi} X p) = gr(p). 



With Equations rtlSh, (16) and (17), the discussion now follows in the same way as 



Hedden's proof of [H Theorem 4.4]. The only dilference is that we make a shift of r 
or r + 1 on the right hand of an equation, where Hedden made a shift of or 1. 

□ 



Since \t\ can be sufficiently large, we assume that \t\ > 2g + 4. Applying the 



adjunction inequality (refer to [13]) to Lemma 3.8 gets another version of Lemma 3.8 



Lemma 3.9. Let K C be a knot with Seifert genus g{K) = g. Then for all 
t > N > 0, where N is defined as before, there are isomorphisms of absolutely Z- 
graded Abelian groups 



BFK4S\K[\r + l)^Zl;l' 



HF,_,_i(F(i^,m)) 



m=-g 
9 



RFK4S\ r + 1) ^ Z;-'^ 



HF, 



F{K, m) 



where the subindices r + 1 and rofZ denote the Maslov gradings of the terms. 



Next, we want to replace HF {CF{S^)/F{K,m)j by EF{F{K,m)) in Lemma 
Here we need a lemma, which has a parallel proof to that of Lemma 5.7 in 



3.9 
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Lemma 3.10. Let K C be a knot with Seifert genus g{K) = g, and t > N > as 
above. Then 

1^3 T^Pr ^ I 1 \ _ ifm? / C3 T^Pr 



r 



1) z/*7^r,r + l, 



rk(HFK^(5^ K[^,r + 1)) = rk(HFK^(5^ K'^l.r + 1)) - t - 2r(K), 
rk(HFK,+l(5^ , r + 1)) = rk(HFK,+l(5^ , r + 1)) + t - 2r(K). 



Proof of Theorem By applying Lemma 



3.10 



we replace HF [CY{S^)/F{K, m) 



in the second equation of Lemma 3.9 with HF(F(X, m)). Since the rank of an Abelian 
group does not count the torsion part, we add the torsion part "Tor" to complete the 
proof. □ 



Theorem 



L2 



is a rough estimate for HFK(5'^, K^"" ^r + 1). At present we cannot 
get more concrete information about HFK(S'^, X/^"^), as Hedden did for Whitehead 
doubles in [4J. However, we claim that Theorem |L2| can be used here to determine 
the Seifert ecenus of for t = 0. 

4. The Seifert genus of Kf^ 

First we remark that there are classical lower bounds to the Seifert genus g{K) of 
a knot K C S^. One of them is the degree of the Alexander- Conway polynomial. 
Precisely it is 



(18) 



g{K) > ideg(AK(r)). 



Recall in the case of K^'' , we have Equation ([2]): 



It is easy to deduce that 
1 



1 



2deg(A^P.(r)) = -deg(AoP.(r)) 



r + 1 if t ^ 0, 
r if t = 0. 



Applying Relation (18), we get 



> 



r + 1 if t 7^ 0, 
r if t = 0. 



On the other hand, a Seifert surface of Kf"^^ which is realized by the surface in 
Figure 16, is of genus r + 1. Therefore r + 1 is an upper bound to g^Kf"^) for any 



t G Z. Therefore 



1 if t 7^ 0, 



r<g{Kf^)<r + l if t = 0. 
Better than Alexander-Conway polynomial, knot Floer homology detects the Seifert 



genus as stated in Theorem |2.3[ We will use Theorems |2.3| and |1.2| to prove that 
g{Kf'^) = r + 1 holds for t = 0. First we prove a lemma on the signature of the link 
C(2r + 1). 
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Lemma 4.1. The signature of the link C{2r + 1) is —1. 



Proof. Consider the Seifert surface Fr in Figure 16, A generating set of Hi{Fr) is 

o \ 



chosen in Figure [16} We have 



/-2 
1 



V o 



1 

-2 



1 



1 



-2/ 



where V is the Seifert matrix of (7(2r + l) associated with the generating set of Hi{Fr) 
in Figure [Tg} One can easily prove that the signature oiV + is —1, and so is the 
signature of C{2r + 1). □ 



The generators of H-|(Fr) 




Figure 16. A Seifert surface F^ of C{2r + 1) and a generating set of Hi{Fj). 

From here, we use F := F2 instead of Z as the coefficient of the knot Floer homology. 
Now we recall a result in [4J, which will be used later. 

Lemma 4.2 (Proposition 5.1 in [4J). Let K C be a knot with Seifert genus g{K) = 
g. Then for t > 2t{K) we have: 



HFK*(Xf°,l) ^F;^)^^"^ 



[HF*_i(F(K,m))]'. 

m=-g 

Recall in Section 3.1, we saw that 

WPK{S\ C{2r + 1), r + 1) = F((2.+i)/2), 

where the subindex (2r + l)/2 denotes the Maslov grading. There exists a skein exact 
sequence connecting K^^-^^ Kf"^ and C{2r + 1) as follows (see Section 2.1): 

HFK(5^Xf^r + l) ^F( 



(19) 



^((2r+l)/2) 



^RFK{S^,K[_:^,r + l) 



where /i and /2 decrease the Maslov grading by 1/2, while fs does not increase the 
grading. In fact, it can be proved that fs preserves the grading. This fact is stated 
in [4J for the case r = . In general, its proof uses the same idea as that of jU 
Proposition 5.8]. 
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Lemma 4.3 (Proposition 5.8 in [4J). In the exact sequence (19); fs preserves the 
Maslov grading. 

We prove Corollary |1.3[ 



Proof of Corollary \1.3[ First we know g^K^"") < r + 1. We claim that the equality 

holds by showing that HFK(5^ r + 1) 7^ 0. 

If HFK(5^Xo^^r + l) =0, thenHFK*(5^Xo^^r + l) =0, for * 7^r,r + l. From 
the exact sequence (19) combined with Lemma 4.3 we get 



0^HFK*(5^Kf::l,r + l) ^HFK*(5^Kf ,r + l) - 
for * 7^ r, r + 1, which implies that 

'^,{S\K^^,r + l)^'^,{S\K^^,r + l)^{), 



0, 



for * 7^ r, r + 1 and any 5 G Z. This property together with Theorem 1.2 implies that 



(20) 



[HF.(F(i^,m)) 



0, 



for * ^ -1,0. 

Now we focus on the exact sequence 



(21) Y{¥Kr+i{S\ K^Lr, r + 1) HFK,+l(5^ , r + 1) 



HFK,(^^ /Cf.i, r + 1) ^ YLYKr{S\ , r + 1) 



0. 



The assumption HFK(53 Ko^^r + 1) = impUes HFK,(53 /^o^^ r + 1) = for 
* = r, r + 1. When s = 1 by applying the exact sequence (21) we get 



HFK,(5^ i^f^ r + 1) = 0, HFK,+l(^^ r + 1) ^ F. 



Then when s = 2, we have 



HFK,(^^ K^\r + 1) = 0, HFK,+l(^^ r + 1) ^ F^. 



We continue to increase s and apply the exact sequence (21) iteratively. When s is 
sufficiently large, say s = S' for some large 5' > 0, we have 

HFK,(^3^ K^\r + l) = 0, HFK,+i(^3^ K^\r + l)^ F^. 



On the other hand, let s start from 0. Decreasing s and applying (21) iteratively, 
we get 

s = : mKr{S^,K%r^l) ^ F, HFK,+l(5^ r + 1) = 0, 
s = -l: mKr{S^,K%r + l) ^ F^, HFK,+l(5^ K:^^, r + 1) = 0, 



s = -S: HFK,(5^ K%, r + 1) ^ F^, HFK^+l(5^ K%, r + 1) 
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Let S > where is the integer stated in Theorem |1.2[ Comparing the knot Floer 
homologies of X;^^ and K^"^ stated above with Theorem 1.2, we get the foUowing 

restrictions to HF(F(/C, m)): 



[HF_i(F(i^,m)) 

m=-g 

jp5-2,-2 [HFo(F(i^,m)) 

m=-g 

^s+2r(K) [HF_i(F(ir,m)) 

m=-g 

^2r(K)-2g-2 Q l^^^p^K^m)) 



0, 



^ 0. 



m=-g 



Combining the properties above together with (20), we can derive the foUowing 
properites of the knot K: 

2 



9 

m=-g 



(i) e 

(ii) e 

(iii) r{K) = 0. 



HF*(F(X, m)) 



for * 7^ 0, 

]p2^+2 



If a knot K C satisfies the properties stated above, Lemma 4^ imphes that 
HFK(S'^, K ^^ , 1 ) = 0, which in turn imphes that the genus of Kq^ is zero according 



to Theorem 2.3, That is to say Kq^ is the unknot, which happens only when K itself 



is the unknot. This contradicts our assumption that K is non-trivial. Therefore, we 
get HFK(Kf^ r + 1) 7^ 0, which implies ^(X^") =r + 1. 



□ 
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